arXiv: 1503.06265vl [math.AP] 21 Mar 2015 


The Cauchy problem for a higher order 
shallow water type equation on the circle 

Wei Yan 

Department of Mathematics and information science, Henan Normal University, 
Xinxiang, Henan 453007, P.R.China 
Email:yanweil9821115@sina.cn 

Yongsheng Li 

Department of Mathematics, South China University of Technology 
Email: Guangzhou, Guangdong 510640, P. R. China 

and 

Jianhua Huang 

College of Science, National University of Defense and Technology, 
Changsha,P. R. China 410073 


Abstract. In this paper, we investigate the Cauchy problem for a higher order shallow 
water type equation 

tit '^txx T U 0^ U ~\~ 3UUx ‘^^X^XX ^^XXX d? 

where x G T = R/27r and j G N~^. Firstly, we prove that the Cauchy problem for the 
shallow water type equation is locally well-posed in H^(T) with s > for arbitrary 

initial data. By using the /-method, we prove that the Cauchy problem for the shallow 
water type equation is globally well-posed in H^{T) with ^ < 1- Our results 

improve the result of A. A. Himonas, G. Misiolek (Communications in partial Differential 
Equations, 23(1998), 123-139;Journal of Differential Equations, 161(2000), 479-495.) 

Keywords: Periodic higher-order shallow water type equation; Cauchy problem; Low 
regularity 

Short Title: Cauchy problem for a shallow water type equation 

AMS Subject Classification: 35G25 


Corresponding author: W. YAN, Email: yanweil9821115@sina.cn 


Preprint submitted to Elsevier 






1. Introduction 


In this paper, we consider the Cauchy problem for a higher order shallow water type 
equation 


^txx ^ ^ 3uUx ‘^'^x'^xx '^'^xxx b; (^*^) 

M(a:, 0) = 'Uo(3^), X G T = R/27r, (1.2) 


which is considered as the higher modihcation of the Camassa-Holm equation. Rewrite 
(1.1) as follows: 


Ut 




u 


+ ) + 9x{l - di) 


| 2\-1 


2 I 2 

+ 2'^x 


= 0 , 


(1.3) 


which was derived by Camassa and Holm as a nonlinear model for water wave motion 
in shallow channels with the aid of an asymptotic expansion directly in the Hamiltonian 
for Euler equations [6, 8]. Omitting the last term yields 

Mi + + ^9 „(m^) = 0. (1.4) 


When j = 1, equation (1.1) reduces to the Korteweg-de Vries (KdV) equation 

tif 'Uxxx V 


(1.5) 


Kenig et. al. [21, 22] proved that s = —3/4 is the critical Sobolev index for the 
KdV equation in real line and proved that the Cauchy problem for the periodic KdV 
equation is locally well-posed in if^(0, 27rA) with s > — | and A > 1. Bourgain [4] proved 
that the Cauchy problem for the periodic KdV equation is ill-posed in if^(0,27rA) with 
s < —A and A > 1. Colliander et.al. [7] proved that the Cauchy problem for the periodic 
KdV equation is globally well-posed in i7*(0,27rA) with s > —A and A > 1. Kappeler 
and Topalov [17, 18] proved the global well-posedness of the KdV and the defocusing 
mKV equations in 77^(0, 27rA) for respectively s > —1 and s > 0 and A > 1 with a 
solution-map which is continuous from 77“^(0, 27rA)( T^(0, 27rA)) into C{R] 77“^(0, 27rA)) 
(77(77; L^(0, 27rA))) with A > 1. Molinet [25, 27] proved that the Cauchy problem for the 
periodic KdV equation is ill-posed in 77*(0,27rA) with s < —1 and A > 1 in the sense 
that the solution-map associated with the KdV equation is discontinuous for the 77^ (T) 
topology for s < —1. 


2 




Lots of people have investigated the Cauchy problem for (1.3), for instance, see 
[5, 6, 8, 11-13, 19, 20, 24, 26, 30-32], Himonas and Misiolek [11] proved that the Cauchy 
problem for (1.1) is locally well-posed for small initial data in i7^(T) with s > 
and globally well-posed in Lf^(T). Himonas and Misiolek [12] proved that the Cauchy 
problem for (1.1) with j = 1 is locally well-posed for arbitrary initial data in H^{T) 
with s > and globally well-posed in H^(T). Gorsky [10] proved that the Cauchy 
problem for (1.1) with j = 1 is locally well-posed in if^/^(T) for small initial data. Li 
and Yang [26] prove that the Cauchy problem for (1.1) with j = 1 is locally well-posed 
in iL®(T) for 1 < s < 1 and globally well-posed in in H^(T) for I <s< 1 with the aid 
of /-method. Olson [20] proved that the Cauchy problem for (1.1) is locally well-posed 
in i/^(R) with s > s\ where ^ < s' < |. Yan et.al [24] prove that the Cauchy problem 
for (1.1) is locally well-posed in //^(R) with s > —j + ^ and is globally well-posed in 
//^(R). Yan et. al [31] prove that the Cauchy problem for (1.1) is locally well-posed in 
H^CR) with s = —j + |, j > 2, j e iV+ and ill-posed in //^(R) with s < —j + |. 

In this paper, by establishing some bilinear estimates and the hxed point Theorem, 
we prove that the Cauchy problem for (1.1) is locally well-posed in //^(T) with s > 
by using the /-method, we prove that the problem is globally well-posed in //^(T) with 

< s < 1 
2j+l ^ ^ 

We give some notations before stating the main results. 0 < e < ioooo( 2 j+i) 
e = ioo(- 2 j+i) • C is a positive constant which may vary from line to line. A B 
means that \B\ < |H| < 4|/?|. A B means that |H| > 4|R|. a V b = max {a,/}. 
a Ab = min {a, /} .Let rjit) the smooth function supported in [—1, 2] and equals to 1 in 
[0,1]. Let T G C“(R) be an even function such that T > 0, supp T C [—|, |], 4/ = 1 
on [-|, |] and = ^(2-^0 - ^(2-'=+i0- 

For /c = fci + /c 2 , we dehne 

I kfjiin I "{I ^ I) I 1) I ^2 I } ) I kmax \ i] I ^ I) I ^11) I ^21 J" . 

Throughout this paper, Z := Z — {0} and Z~^ := —{0}. Denote dk by the normalized 

counting measure on Z\ 


i{k)dk = a{k). 


kez 
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Denote by the Fourier transformation of a function / defined on [0, 27r] with the 
respect to the space variable 

^Jik) 

and we have the Fourier inverse transformation formula 
f{x) = j e^’^^^xf{k)dk = 

kez 

Denote by the Fourier transformation of a function / with the respect to the time 
variable 

and we have the Fourier inverse transformation formula 


1 


c2it 


—ikx 


f{x)dx. 


fit) = / 


We dehne 


Sit)(Pix) = I ^x<Pik)dk 


We dehne the space-time Fourier transform ^/(/c, r) for k E Z and r G R by 



2tt 


^/(/c,r) = — lie f{x,t)dxdt 


and this transformation is inverted by 



vix,t)= I / r)dfcdr. 


We dehne 


(k) = {kr^,m, \m (r) = irr^AiT). 

Thus, by using the above dehnitions, we have that 

||/||L2([0,27r]) 
r2-K r 


fix)gix)dx = / ^xfik)^xfik)dk, 


^xifg) = ^xf * ^x9 = / ^xfik - ki)^xgiki)dki. 
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Let 


F(fc) =/c^^+\cr = r + P(/c), ai = Ti + P{ki), / = 1,2. 


For s < 1, we define 


^xlu{k) = m{k)^xu{k), 

where m{k) = if \k\ > 2N, m{k) = 1 if \k\ < N. We define the Sobolev space 

iL^(0, 27r) with the norm 


H 


i(T) — ||=^x/(^)(fc)^||L2(fc) 


and define the Xg^ b spaces for 27r-periodic KdV via the norm 


|m|U,,6(TxR) - 


(/c)* (r + P{k))^ ^u{k, t) 


L2(fcr) 


and define the W space defined via the norm 


and define the Zg space defined via the norm 

{k)^^u{k, t) 


m\zs — ll'^llv 1 + 

s, ^ 


{T + Pik)) 


1/2 


L'^{k)L^(T) 


We dehne 


{II^IIW(> '^l[o.d =u}, 

ll^llv/= inf (llt^llv. n|[o,5]=M}. 

The main resnlt of this paper are as follows. 

Theorem 1.1. Let s > —and Uq be 27:-periodic function and zero x-mean. Then 
the Cauchy problems (1.1)(1.2) are locally well-posed in H^(T). 

Theorem 1.2. Let < s < 1 and Uq be 27r-periodic function and zero x-mean. 

Then the Cauchy problem (1.1 )(1.2) is globally well-posed in H^{T). More precisely, for 
any T > 0, let uq be 2'K-periodic function and zero x-mean, then the Cauchy problems 
(1.1)(1.2) are globally well-posed on [0,T] in H^{T) with < s < 1. Moreover, 

snp \\u{-,t)\\H‘> < ^ 

1G[0,T] 
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where 


(2j + 1) 


j-3(2i+l)€' 


The rest of the paper is arranged as follows. In Section 2, we give some preliminaries. 
In Section 3, we establish the bilinear estimate. In Section 4, we give the proof of 
Theorem 1.1. In Section 5, we give the proof of Theorem 1.2. 

2. Preliminaries 

In this section, we make some preliminaries which are crucial in establishing the 
Theorem 1.1. 

Lemma 2.1. Let ui with I = 1,2 be L‘^{Z x R)-rea/ valued functions. Then for any 


(/i.yeN" 


< c (2'- A 2‘‘f^ (2'> V2'>)™ (2.1) 


Proof. As the proof of [4, 28], we can assume that suppw/ C |(r,/c) G R x 
By using the Cauchy-Schwarz in (ri, ki), we have that 




2 


/ E / E (Tz^Mi)(ri, ki){^i^U 2 ){T -Ti,k- ki)dTi\ dr 

kez feiGZ 



Y,a{T,k) Y. |(T,jMi)(ri, ki){'^i^U2){r -Ti,k- ki)f dridr 


<C sup a{T,k)\\^i,ui\\l 2 \\'^i^U 2 \\l 2 , 


( 2 . 2 ) 


tgR, kez 


where 


a{T, k) < C'#Ai(r, k), 


here 


Ai(r, k) = |(ri, A)i) e R X /k - fci G Z+, (ai) ~ 2^b (as) ~ 2^^} 
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For fixed r, ^ 7^ 0, We define M' = r + (—and let Ei and E 2 be the projections 
of Ai onto the fci-axis and ri-axis, respectively. It is easily checked that 

(r + (-1)”^) - F + - {t2 + 




, 2i+l , 2i+l _ 

l\j‘2 


J,2j+1 

4i 


(-ly+^kfh-'-] E{k,h), (2.3) 


where 


E{k,ki 


2j-2 


k^‘-^ + Cl« Q) ' (*:i - I) + • ■ • + C|+i (ki - I) 

From (2.3), we have that there exist two constant Ci, C 2 > 0 snch that 

|Ci(2'i+2^2 )-M'l 3,, , ,2 |C'2(2 'i+2 '2) + M'1 

- < ^(fci - ^ 2 ) < - 


2j-2 


\kE{k,ky\ 

When > 2^^ V 2’-^, from (2.4), we have that 

ij^E 2 < mes E2 + 1 < 2 
(2^1 V 2^2) \ 1/2 


\kE{kM)\ 


(2.4) 


’ Ci(2'i +2^y + M'\ 

\C2{2^^ +2^y - M'\' 

\kE{k,ky\ 

\kE{k,ky\ 


1/2 


+ 1 


< C 




+ 1 < C(2'i V 2*2) 2^+1 . 


(2.5) 


When 0 < < 2*^ V 2 ^^^ since 0 < fci < fc, we have that 

#E2<#{A;i, 0 < < 2'i V2'2} < C(2 'i V2'2)^ . (2.6) 

From (2.2), it is easily checked that 

#Ei < mes El + 1 < (F (2'i A 2 ^^) . (2.7) 

Combining (2.2) with (2.5)-(2.7), we have that 

||(vl/,,ni) * {^i,U2)\\l. < C(2^i A2^2)V2 ||vl>,^ni|U2||vl>,^n2|U2.(2.8) 

We have completed the proof of Lemma 2.1. 

Lemma 2.2. Let v{x,t) be a 27r-periodic function. Then 

ll^llnh - 0+1) (txR)- (2-9) 

’2(2j+l) 
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Proof. By using the triangle inequality, let li = I + I 2 with / G iV, by using (2.1), we 
have that 


Iklli'* ~ = ll^n * ^v\^L2 < 

Zi>0i2>0 

ll>0l2>0 

2^2/22(^2+0/2(2j+l) _^_i^v\\ 2 II^Z 


l>0 l2>0 


^ .7 + 1 I ^ ,, .7 I 7.7-rJ-n>2TV 

< ^22l2l+Ty'2||^^^^y||^2 2 WFTy '2 2(2i+l) 

Z>0 Z2>0 

1/2 


■7 7 (j+i)(G+0 


Il2 


< c E 2 2 ( 2 /+!) ^ 

z>o 


^ C'lbllx oj^([0,27r]xR)- 


^ 2 11 ^/211 i 2 ^ 

a2>0 / 


(j + l)(^2+0 
2 2(2,'+1) 


^o.l|2 A 


1/2 


'^v 


( 2 , 10 ) 


°’2(2j + l) 

From (2.10), we have (2.9). 

We have completed the proof of Lemma 2.2. 

Remark: In line -3 of page 493 in [12], Himonas and Misiolek presented the conclu¬ 
sion of Lemma 2.2, however, the proof process is not given. 


Lemma 2.3. Letv(x,t) be a 27r-periodic function. Then 

<C\\v 


0+1) (TxR) ^ - 

2(2j + l) 


f27r 


\ 3/4 

I v‘^^^{x,t)dxdtj 


( 2 . 11 ) 


Proof. Combining the Lemma 2.2 with the duality, we have Lemma 2.3. 


Lemma 2.4. Let 


k = ki + k2,T = Ti + T2, 

a = T (-l)^/c^^+\ ai = Ti + {-lykf^^^, / = 1, 2. 


Then 


3max{|(T|, |ai|, Inal} < |ct - Ui - aal = - k^^^ - k^^^l ~ \kmin\\kmax\'^^■ 


For the proof of Lemma 2.4, we refer the readers to Lemma 2.5 in [31]. 
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Lemma 2.5. For k E Z, kj ^ Z(j = 1, 2) and dyadic M > 1 and e 
that 


100(2j+l) ’ 


we have 


mes |yu e R : |/i| ~ + 0((|fcmin|A;maxr^)" )} 

lOOj+1 

<CM^m+T). ( 2 . 12 ) 


Proof. Without loss of generality, we can assume that |/ci| > \k 2 \- When \k\ > |fci| 
which yields that \ki\ < \k\ <2\ki\, from 

^ + 0{{\k^^\k^^,\^^Y), (2.13) 

we have that Ci\k\^^ < |/i| < C 2 \k\^^^~^ since /ci, /c 2 G Z. Thus, we have that |/i| ~ M ~ 
|/c|^, p e [2j,2j + 1]. Thus, \kY~^k 2 \ ~ M^~p, p e [2j, 2j + 1], Consequently, we have 
that 


mes|/i e R : |/i| ~ M,/i = + 0 ((|/Cmin| )} 

2? ' 200j + l 

<CM2j+iM^ < CMI00(2j+1). (2.14) 


When |/ci| > \k\, from (2.13), we have that Ci\ki\‘^^ < \p\ < C 2 \ki\‘^^~^^ since ki,k 2 G Z. 
Thus, we have that |/i| ~ M ~ \kiY, p G [2j, 2j + 1]. Thus, \kl^~^k\ ~ M^~p, p G 
[2j, 2j + 1]. Consequently, we have that 

mes|/i G R : |/i| ~ M,/i = - kl^^^ + 0((|/Cmin| l^maxp^)" )| 

2? ' 2007 + 1 

<CM^i+^M^ < CM ioo(2j+i). (2.15) 

We have completed the proof of Lemma 2.5. 

Lemma 2.6. Let 0 he 2TT-periodic function. Then 






(2.16) 


Proof. To obtain (2.16), it suffices to prove that 


^ ) S{t)(p 






From Lemma 7.1 of [7], we have that 


(2.17) 


n{t)n ( ^ 


Ys 


<C\\v[-^ 




<c\m 


Ro- 


(2.18) 


We have completed the Lemma 2.6. 
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(2.19) 


Lemma 2.7. Let F be 27r-periodic function. Then 


r]{t) / S{t-T)F{T)dT 




<qi7 t M^II 


Proof. To obtain (2.19), it suffices to prove that 


Vit)v il) S{t-T)F{T)dT 


< C 






which follows from Lemma 7.2 of [7]. 

We have completed the proof of Lemma 2.7. 


Lemma 2.8. Let 

n{k) = {/i G R: 
Then 


M,/i = - kl^^^ - kl^^^ + 0((|A)„.in|A)„,axP'y)] 


J (t) Xn{k){L)dL < C. 

Proof. Combining Lemma 2.6 with the proof of page 737 in [7], we have 

2 . 10 . 

Lemma 2.9. Let s G R and 6 G (0,1), then for —2 < b < b' < 0 or 0 < b < b' 
have that 


7 1 ^ ) w 


< \\uiix 


X, 


0, b 


0 , b 


For the proof of Lemma 2.9, we refer the readers to Lemma 1.10 of [10]. 

Lemma 2.10. For u G there exists u with m|[o, 5 ] = u, such that for s < a, 
that 


Lx” h' 

I IIA^. II 


For the proof of Lemma 2.10, we refer the readers to Lemma 1.6 of [10]. 


Lemma 2.11. Let s G R and 0 < e < 


10000(2j+l) 


and 


F{k,T) = {r]{-]u] {k,T), 


where F ^ Lf. Then 


^-1 


(T 


)l/2 


< C5^^xj+^~%F\\l2. 


L4 


( 2 . 20 ) 

( 2 . 21 ) 

Lemma 

< we 

( 2 . 22 ) 

we have 

(2.23) 

(2.24) 
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Proof. From (2.23) and Lemmas 2.2, 2.9, we have that 


^-1 


< C 


a)V2 
t 


L* 




L4 


^ 1 5 ) JxU 


< C6 2(2J + 1) ■ 


^0 ,7 + 1 , 

t 






r/ ( - ) M 


< C(52(2J + 1) 

= C'55i27+Ty-^||F||i2. 


V 1 

s,^ 


(2.25) 


We have completed the proof of Lemma 2.11. 

Remark: Lemma 2.11 improves the result of Lemma 3.2 in [12] with /i = 2j' + 1. 


Lemma 2.12. Let 


a 


= T + (-l)^/c^^+\ ai = Ti + 1 = 1,2. 


and s G R and 0 < e < 


10000(2j+l) 


and 


Giik, n) = {kiYiaiyG^ Ti),l = 1, 2, (2.26) 


where Gi G L^, / = 1, 2. Then 




“5+'^ 


jk = ki + k2 

T = T\ +T2 


nLi Gi{ki, Ti) 
(^2)^2 


dkidri 




dlL2. 


(2.27) 


L2 


1=1 
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Proof. By using Lemmas 2.3, 2.4,2.11, we have that 




fk = ki + k2 


dkidri 


T = Tl +T2 


L2 


r; ( - ) J^u, ) 




< C6 2(2j + l) ■ 


< C(52(2j + 1)' 


’M j I 




■ 2(2j + l) 






11,2 


IL2 


JxV[^] U2 


U2 


r4/3 


Ltt 






Il2 


Il2 


T 


T «2 


°’2(2j + l) 




V 1 
0,^ 


< JJiia 


hlL2. 


Z=1 


We have completed the proof of Lemma 2.12. 


3. Bilinear estimates 

In this section, we establish some important bilinear estimates which are the core of 
this paper 

Lemma 3.1. Let ui{x,t) with / = 1,2 which are zero x-mean for all t be 2 t[- periodic 
functions of x and s > For e < ioooo( 2 j+i) ’ have that 

2 

< G6^~‘^^ 

Proof.Let u and wi, U 2 be the extension of n, ui, U 2 , respectively, according to Lemma 
2.10, we have that 

ll“llx'5, = ll^llx lAlMlxG = ll“dU 1) / = 1,2. 

s,^ S,-J 


^ • ( 3 - 1 ) 

1=1 


dx{l-dl)-^ 


2 r 


n 

.1=1 


dxV 


Ul 
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By duality and the Plancherel identity, for u G X^_ i , to obtain (3.1), it suffices to prove 

2 

that 


I k = ki + k2 

T = T1 +T2 


< C(52/+1 ‘^^WuWyS 





=1 

^ -2ei 


[V (t) uij {ki, n) 


i=i 


m\x 1 


n 

1=1 


X 1 • 


dkidTidkdr 

(3.2) 


Without loss of generality, we can assume that ^ [rj ui) {ki,Ti) > 0(/ 
^ {j] (I) u) {k, t) > 0. Let 


F(fc, r) = {k) ( ^ ( T ) "^ ) {k^r), 

0 


Fi{ki, Ti) = {kiY{aiYF^ I ^ I _ I j Ti), 1 = 1, 2, 


Fi(/ci,ri,/c,r) = 


\kkik2\{kY 


(1 + fc2)(a)V2 ]\i^YkiY{aiYF 


1,2) and 


To obtain (3.2), it suffices to prove that 

r 2 

/Li(/ci, Ti, k, T)F{k, t) Fi{ki^ Ti)dkidTidkdT 


jk = ki + k2 

T = Tl + T2 


1 = 1 


< 


CT3iT-"'||F|U.nil^ilU>. 


(3.3) 


1=1 


From the mean zero condition, we can assume that k Y ^^ki Y 0(/ = 1,2). 

Since min{|/c|, \ki\, |/c 2 |} > 1, from Lemma 2.4, we have that one of the following 
three cases must occur: 


(а) : |cr| = max{|cr|, |cri|, |(T 2 |} > C\kmin\\kmax\‘^Y 

(б) : |(Ti| = max{|(T|, |(Ti|, lusl} > C|/c 

min I I ^max \ ' ; 

(c) : |(T 2 | = max{|(T|, |(Ti|, |cr 2 |} > C|fc min 11 kffiax \ ^ • 


When (a) : |(t| = max{|cr|, |cri|, |(T 2 |} > C\kmin\\kmax?Y we have that 


Ki{ki,Ti,k,T) = 


\kkik2\{k)‘ 


-3 T-r2 


\k\" ^Ui=ik, 

(1 + /c2)(a)V2 YiYiikiYi^iV^^ ~ 


< c 


if ^ < s < |, from (3.4), we have that 

Ki{ki,Ti,k,T) < 


C 




(3.4) 


(3.5) 
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if s > f, since s > we have that 


2-j 


, 2-J 


Ki{ki,Ti,k,T) < C 


\k\^ 2 [max{|/ci|, Ifcal}] ^ ^ [min|/c 2 |}] " 




i+j 


2-j 


< c- 


< 


max{|A;i|, l/cal}] ^ [min{|fci|, [fcal}] = 




C 


(3.6) 


from (3.5)-(3.6), by nsing the Plancherel identity and the Holder ineqnality as well as 


Lemma 2.11, we have that 



'R: 


2 I k = ki + k2 


Ki{ki, Ti, k, T)F{k, t) Fi{ki, Ti)dkidTidkdT 


rk r = Ti T2 ^ — 1 

2 


< c 


I k = ki + k2 

T = Tl +T2 


F{k,T) Yli=i^iiki,ri) 


dkidTidkdr 


^-1 


i=i 
2 


((^) 


Lit 


(3.7) 


1=1 


When ip) : |(Ti| = max{|(T|, |(Ti|, |cr 2 |} > C\kmin\\kmax\^^ , by nsing the proof similar to 

(3.5)-(3.6), we have that 


by nsing the Canchy-Schwarz ineqnality and Lemma 2.12, we have that 


(3.8) 




F(k,r) {a)-'r‘ 


\k = k\ + k2 (n'2)^/^ 

T = T\+ T2 


-dkidvi dkdr 


'Kk 


Fik,r) {a)-^ 


-i+e 


f numi.r,) 

Ik = ki + k2 

r = Tl + T 2 


dkidTi dkdr 


<C\\F{k,T)\\^. 




-l/2+e 


f UliFiihri) 

lk = ki + k2 {o'2)^F 

T = Tl +T2 


dkidri 


Ll_ 


< 




1=1 


When (c) : |cr 2 | = max{|cr|, |(Ji|, |cr 2 |} > C|/Cmm11^max, this case can be proved 

similarly to case (fe) : |cri| = max{|(T|, |(Ji|, |(T 2 |} > C\k min 11 kmax \ ^ ■ 
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We have completed the proof of Lemma 3.1. 


Lemma 3.2. Let ui{x,t) with I = 
functions of x and s > — |. For e < 



1, 2 which are zero x-mean for all t be 2 ti- periodic 
ioooo(^ 2 j+i) ’ have that 

2 

<C6^~^"Y[\\ui\\xs (3.9) 

. 1 ;=i 


Proof.Let u and hi, U 2 be the extension of n, Mi, M 2 , respectively, according to Lemma 
2.10, we have that 


\u\ 


lv«, = 1 , \\M\x ^. = ll“z|U 1 , ^ = 1, 2. 

By dnality and the Plancherel identity, for u G X^_ 1 , it snffices to prove that 


I k = ki + k2 

T = Tl + T2 


( h 1 ^ I “ 


(fc,r)n^ (h (t ) ) {hXi) 


< C6^^-^%u\\xs 


n 

i=i 


X 


1=1 


s =C5—^-^%u\\x 

1 II ll"^_ 

’■2 


dkidxidkdr 


n 


1^.1- 
1=1 


(3.10) 


Withont loss of generality, we can assnme that ^ {ki,Ti) > 0(/ = 1,2) and 

^ {v (f) “) (^, "t) ^ 0- Let 

F{k,T) = (rj (/c,r). 


Fi{ki, Tl) = j j 1 ) J 1 = 2, 


/L2(/ci,ri,/c,r) = 


\k\{ky 




To obtain (3.10), it suffices to prove that 

r 2 

K 2 {ki, Tl, k, T)F{k, t) Fi{ki, Ti)dkidTidkdT 
2 

<C5^^-^y\F\\L2\[\\Fi\ 


jk = k\ + k2 

T = Tl + T2 


1 = 1 


dli2. 


(3.11) 


1=1 


From the mean zero condition, we can assume that k Y ^ 1^1 Y 0(^ = 1,2). Since 


15 














min{|/c|, \ki\, |/c 2 |} > 1, from Lemma 2.4, we have that one of the following three cases 

(a) : |cr| = max{|cr|, |cri|, \a 2 \} > C\kmin\\kmax\‘^\ 

(b) : |(Ji| = max{|(j|, IcXsl} > C\kmin\\kmax\‘^\ 

(c) : |(T 2 | = max{|cr|, |(Ti|, |cr 2 |} > C\kmin\\kmax\^^ ■ 


When (a) : \a 

K2{ki,Ti,k,T) = 


max { I cr I, I (Ti I, I (72 I } ^ c\ kmin \ \ k max we have that 

rr2 ’ 


\k\{kY 




< c 




(3.12) 


if—|<s<—from (3.12), we have that 

iL2(fci,ri,/c,r) < 


if s > —i, since s > —we have that 


C 




(3.13) 


/L2(fci,ri,/c,r) < C 


|/c |®+2 [max{|/ci|, 1 ^ 2 !}] = [min{|/ci|, I/C 2 I}] 2 ’ 




i-i 


< c 


max{|fe|,|fe|}] « |min{|t:i|, lisi}] 




— ttS 


c 


(3,14) 


from (3.13)-(3.14), by using the Plancherel identity and the Holder inequality and Lemma 
2.11, we have that 

2 

K2{ki, Ti, k, T)F{k, t) Fi{ki, Ti)dkidTidkdT 



Jk = ki-\-k2 

rk ^ ^2 


< C 


i=i 


F{k,T) ULiFiikhTi) 


^-1 


jk = k^+k, UYii^iYF 

T = Tl +T2 J-l —1 

1=1 
2 

1=1 


dkidTidkdr 


{-S«) 


Lit 


(3.15) 


When ip) : |(Ti| = max{|(T|, |(Ti|, |cr 2 |} > C\kmin\\kmaxYY by using the proof similar to 

(3.13)-(3.14), we have that 


K2{ki,Ti,k,T) < 


(a)V2(a2)V2’ 


(3.16) 
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by using the Cauchy-Schwarz inequality and Lemma 2.12, we have that 


'R 


2 jk = k\ + k2 

T = n + T2 


K2{ki,Ti, k, T)F{k, t) Fi{ki^ Ti)dkidTidkdT 


<C F{k,T) \ 


1=1 

r2 


'Rlk 


Yli=i^i{ki,ri) 

\k = k\ + k2 


dFdr^ dkdr 


T = Tl + T2 


<C F{k,T)\{a)-^ 


-i+€ 










Ul=iFi{ki,Ti) 

k = k\ + k2 (n2) 

r = Tl + T 2 

]fi=iFi{ki,Ti) 


dkidTi dkdr 


jk = ki+k2 

T = Tl + r2 


dkidvi 


L2 


<C6^^-^^\F\\l21[\\Fi 




1=1 


When (c) : |cr 2 | = max{|cr|, |(Ti|, |cr 2 |} > C'|/cmm|this case can be proved 

similarly to case (&) : |(Ti| = max{|(T|, |(Ti|, |cr 2 |} > C\kmin\\kmax\‘^^■ 

We have completed the proof of Lemma 3.2. 


Lemma 3.3. Let ui{x,t) with / = 1,2 which are zero x-mean for all t be 2'K-periodic 
functions of x and s > For e < ioooo( 2 j+i) ^ have that 

2 

<C6^^-^^l[\\ui\\^s^. (3.17) 

1=1 

Lemma 3.3 can be proved similarly to Lemma 3.2. 




2 r 


n 

.1=1 


V\-^]ui 


X'’ 


Lemma 3.4. Let vi{x,t) with I = 1,2 which are zero x-mean for all t be 2'K-periodic 
functions of x. For s > we have that 


\kkik2\{k)‘ 


\k = ki + k2 ((T)(l + fc2) _ 

T = Tl + T2 ^ = 1 


\h\K]F] (ki, Ti)dkidTi 


(L2(fc)Li(^)) 


< C6^ 


-3e 


n 

1=1 




(3.18) 


Proof. Let hi,h 2 be the extension of ni,n 2 , respectively, according to Lemma 2.10, 
we have that 



X 11 

s,^ 


1 = 1 , 2 . 
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Without loss of generality, we can assume that ^ {v {^) ^i) {hiTi) > 0(/ = 1,2) and 

(h (I) (^5 '7') > 0. Let 

Gi{ki,Ti) = {kiy{aiy^^^ (^r] vi^ (ki,ri), 

Ikkik2l(ky 


/ = 1,2, 


K3(ki,n,k,T) = 


(1 + F)(ct) 


To obtain (3.18), it suffices to prove that 

2 

Ksiki, Ti, k, t) JJ Gi{ki, Ti)dkidTi 
2 

<C5^^-^^\[\\Gi 


I k = ki + k2 

T = Tl + T2 


1=1 


{L^{k)LHr)) 


n||L2. 


1=1 


(3.19) 


Since min{|/c|, \ki\, 1^21} ^ 1, from Lemma 2.4, we know that one of the following three 
cases must occur: 



(a) : 

a 


(6): 

\(Tl 


(c): 

W 2 

When (a) : 

0 " = max 



(a) : |cr| = max{|cr|, |cri|, |a2|} > G\kmin\\k 


= max { o' , 


1 ^ 2 !} ^ 1 11 1 

= max { 0 " , 

l^il, 

1 ^ 2 !} ^ 1 11 1 


|2i 

max \ 1 


in this case, by using the proof similar to (3.5)-(3.6), we have that 


(cr)2+“ (cri)2 ^(0-2)2 (cr) 2+"^ (0-1)2 ya2)^G 
by using (3.20), the Cauchy-Schwarz inequality and the Plancherel identity as well as 


(3.20) 
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Lemmas 2.3, 2.13, then we have that 




< C 


< c 


< c 


nLi Gi{ki,Ti) 

I\UGl{kuTi) 


dkidTi 


r = Ti + T 2 

r2 


L2(/c)Li(dr) 


r = ri H- T 2 


Gi 


^-1 




/■4 

^xt 


^ 1 ^ 


X 


J+1 

’2(2j + l) 


+ e 


^-1 


dkidri 

G2 




(f^2) 




r/ 1 ^ ) ^2 


,'+i 

'’’2(2j + l) 


< JJ 


/=i 




s,*—e 


2 

Z=1 

2 

<C6^^-^^1[\\Gi\\l2; 

1=1 


f M 

If (o' 2 ) > Clkminl" Ikmaxl"^^"^ , this case can be proved similarly to case (cxi) > Clkminl'^lkmaxl^^ -I 

/ 

if (<7;) < C\kmin\'^\kmax\‘^^'' , / = 1, 2, in this case we have that 


^ - kl^+^ - kl^+^ + 0{{\k^,n\\kmax?^Y ) 


and 


\kY-"^Y[U\kir^ 


2-J. 


K3{ki,Ti,k,T) < C 


by using the proof similar to (3.5)-(3.6), we have that 

C 

K3{kl,Ti,k,T) < 


(3.21) 


(3.22) 


{^yGiiiYa,y/2- 

Consequently, by using (3.14) and the Cauchy-Schwartz inequality with respect to r and 
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Lemmas 2.8, 2.11, we have that 


^Xn{k) 


nLi Gi{ki,n) 




dkidri 


L‘^{kL^{dT) 


< c 


[(^) Xn{k){k‘)dT] 


\ 1/2 


UliGi{k,n) 


J = + YVi-MY'" 

T = T\ -\- T2 At —± \ ! 


\ 1/2 

<G { \ {a)-\n{k){fi)dTj 


nLi Giik, Ti) 


iu=k,+k, 

T = r\ -\- T2 At —± \ / 


dkidvi 


dkidri 


LL 




< 




(3.23) 


1=1 


where 


Xl{k) = |/i e R : |/i| ~ M,/i = G\kmin\\kmax\'^^ + O {{\kmin\\kmaxZ^ Y )} • 

When (b) : lei'll = max{|(T|, |cri|, |(T 2 |} > G\kmin\\kmaxZ^ ■ by using the proof similar to 
(3.5)-(3.6), we have that 


K3{ki, Ti, k, T) < C -^- < 


C 


(3.24) 


(a) (as) 2 (ei')(ei' 2)2 

by using the Cauchy-Schwarz inequality with respect to r and Lemma 2.12, we have that 


YlLiGi{ki,Ti) 


Ik = ki+k2 (a)(a2)^/^ 

T = TI +T2 


dkidTi 


< C 




— o+e 


L2(fc)Ll(r) 

YlLiGi{ki,Ti) 


jk = ki + k2 

T = Tl +T2 


dkidvi 


lL 


< 




1=1 


When (c) : Iasi = max{|a|, |ai|, Iasi} > C|fcmm|l^maxpb This case can be proved 

similarly to (6) : |ai| = max{|a|, |ai|, Iasi} > GlkminWkmax]"^^■ 

We have completed the proof Lemma 3.4. 


Lemma 3.5. Let vi{x,t) with / = 1,2 which are zero x-mean for all t be ‘2 'k- periodic 
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functions of x. For s > we have that 


\k\{kr 


I k = ki + k2 ((j\ 

T = n + T2 


{ki, Ti)dkidTi 


(L^k)LHr)) 


< JJ 




(3.25) 


1=1 


By using the proof similar to Lemma 3.4, we can obtain Lemma 3.5. 


Lemma 3.6. Let vi{x,t) with / = 1,2 which are zero x-raean for all t be 2 'k- periodic 
functions of x. For s > —we have that 


2 

(ri(^^^-\vi\{kuTi)dkidTi 


k = ki + k2 (^1 

T = Tl +T2 ^ — 1 

1=1 

By using the proof similar to Lemma 3.4, we can obtain Lemma 3.6. 


L2(fc)i:,l(r) 


a,^ 


(3.26) 


Lemma 3.7. Let ui{x,t) with / = 1,2 which are zero x-mean for all t be 2'K-periodic 
functions of x. Then 




2 r 


n 

.1=1 


dxV (^] ui 


<C'(52/+i ||nz||y^5. 

1=1 


(3.27) 


Combining Lemma 3.1 with Lemma 3.4, we have Lemma 3.7. 


Lemma 3.8. Let u{x,t) with I = 1,2 which are zero x-mean for all t be 2'K-periodic 
functions of x. Then 




n 

.1=1 






\Ui\\ys . 


(3.28) 


1=1 


Combining Lemma 3.2 with Lemma 3.5, we have Lemma 3.8. 


Lemma 3.9. Let u{x,t) with I = 1,2 which are zero x-mean for all t be 2'K-periodic 
functions of x. Then 


dx{l-dl)-^ 


2 r 


n 

.1=1 


V\l]ui 


< C6 2/+1 


ys. 


(3.29) 


1=1 
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Combining Lemma 3.3 with Lemma 3.6, we have Lemma 3.9. 


4. Proof of Theorem 1.1 

Now we are in a position to prove Theorem 1.1. We dehne 


^{u) = r]{t)S{t)(p — r]{t) / S{t — t )r]{t )A{u)dt, 

Jo 

B = [u eY^ : llnlly/ < 2C\\4)\\h‘>{t)} , 


(4.1) 


where 


Mu) = -dx 






,2^-l 




By using Lemmas 2.8-2.9, 3.7-3.9, for sufficiently small <5 > 0, we have that 


( 52 j + 1 


which yields that 




^ C'i||0||ir'’(T) + C 


Sit-t)ri{t)A{u)dt 




r/ ( - ) A{u) 


< CUWHsiT) + CS^-MufyS 


< CW^HoiT) + C'(522+i < 2C\\cj)\\H‘>{T) 


(4.2) 


For u,v E B, for sufficiently small 5 > 0, we have that 


||4>(n) - 4>(n)|ly« 

< C( 52 j+T“^'^ (ll'^^lly/ + Iblly/) 11'*^ ~ ■^IIy/ 

< 2C6^J+^~^‘'\\(j)\\H‘>{T)\\u — n||yj5 

<^\\u-v\\ys. (4.3) 

From (4.3), by using the fixed point Theorem, we have that there exists a u such that 
$(m) = u. The proof of the remainder of Theorem 1.1 is standard. 

We have completed the proof of Theorem 1.1. 


5. Modified energy 
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In this section, we give the almost conserved law which can be used to extend the 
local solution to the Cauchy problem for (1.1) to the global solution to the Cauchy 
problem for (1.1). 


Lemma 5.1. Let < s < 1 and u be the solution to the Cauchy problem for (1-1) on 
[0,(5]. Then 



0 JT 


aiOv I j I«) 


Kri (T) - (>) IJ 


dxdt 


Proof. To obtain (5.1), it suffices to prove that 

f |/cp| |m(fc) — m{ki)m{k2)\ 


(5,1) 


I k = ki + k2 

T = Tl +T2 


X 


rizti Hh) 


(^0 u){T,k)'^^^{T] 1^0 Ul){Tuki) 
2 

<C(5w-2^iv-^iiMiu^^,nii“'ii^ip 


dkidridkdr 


(5.2) 


1=1 


where 


\u 


U 1 = ll“ll 1 \\M\x 1 = ||mz||x« . , ^ 2. 

1,4 1,4 


Let 


Hi{ki,Ti) = {ki){aiy^‘^^ i^r] uij {ki,Ti),l = 1,2, 
H{k,T) = {k){ay^‘^^ (rj 0 j hj {k,T). 


To prove (5.2), it suffices to prove 

f \m{k) - m{ki)m{k 2 ) \ \k\^H{k,T)Yl^i^-^ Hi{ki,Ti) 


I k = ki + k2 

T = Tl + T2 


m{ki)m{k2){ayC{k) Yli=iWiy^^{kj) 


dki dr-t dkdr 




(5.3) 


1=1 


We dehne A = Ai U A 2 U A 3 , where 


( / • \2 N 

^ = S {ki,Ti, k,T) e yZ X Rj : k = ki + k2,T = Tl + T2, \ki\ < \k2\, |/c2| > — 

= {{ki, Tl, k,T) e A: \ki\ \k2\,\ki\ < iV} 

A 2 = {(ki, Tl, k,T) e A : jkij \k2\,\ki\ > N} 

^3 = {{ki, Tl, k,T) e A : \ki\ I/C 2 I} . 
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The integrals corrsponding to Aj{j = 1,2,3) will be denoted by Ii, 12 , 13 . We consider 
cases 


(a) : 

cr 

(5): 

ki 

(c): 

1(72 


= max { cr , 

kil, 

|(72|} ^ C* 1 ^min 11 ^max 1 

= max { (T , 

kil, 

|(72|} ^ C* 1/Cmin 11 ^max 1 


U \ 2 j 
^max I ? 


1 . Estimate of Ji. By using the mean value Theorem, we have that 
m{ki + ^ 2 ) — m{ki)m{k 2 ) = m'{6ki + k 2 )ki, 
thus in region Ai, we have that \9ki + ^ 2 ! ~ I^ 2 1 which yields that 


m{ki + ^ 2 ) — m{ki)m{k 2 ) 


< 


m{ki)m{k 2 ) 
m'{ 6 ki + k 2 )\ki\ C\k 


\m{ki + /C 2 ) - m{k 2 )\ 

m{k 2 ) 


< 


m{k 2 ) I/C 2 I ’ 

When (a) is valid, by using (5.4), the Plancherel identity and Holder inequality as well 
as Lemma 2.11, we have that in this case the left hand side of (5.3) can be bounded by 
f \km^H{k,r)UUHi{ki,Ti) 


< c 


= + \k2\{ay/^k)UlMy^Hki) 

\k\-^k,\-^/^H{k,T) nil Mki,ri) 


\k = 

T = Tl +T2 


jk = k\ + k2 

T = Tl +T2 


dkidTidkdr 

dkidvidkdr 


<CN-mH\\L.l[ 


1=1 




{k}nt.MV'Hkd 

2 




/■4 

^xt 


1=1 


When (6) is valid, by using (5.4), the Plancherel identity and Holder inequality as well 
as Lemma 2.12, we have that in this case the left hand side of (5.3) can be bounded by 
f \h\W«{k,T)]^.,H,{k,,T,) 


\kMTy'Hk)uLw,v'Hk) 


-dkidTidkdr 


< C 


jk = ki + k2 

T = Tl + T2 


\k\-^\ki\-^/^H{k,T) YitiHiikun) 

(a2)V2(cr)V2 


dkidTidkdr 


< CN-^ 


< CN-^ 


fk = ki+k2 ' ' (cr2) / 

T = ri + T2 


/ (cr) —_1 _—-dkidri 

Ik = ki + k2 (p' 2 )^^^ 

T = Tl +T2 


WhWl^ 


L2 


<CN-^5^k-^yH\\L.\{\\Hi\\L.. 

i=i 
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When (c) is valid, this case can be proved similarly to case (6). 

2. Estimate of l 2 - In this case, we have that 

\m{ki + /C 2 ) — m(/ci)m(/c 2 )| ^ max{m(/ci + k 2 ),rn{k 2 )} 


m{ki)m{k2) 


m{ki)m{k2) 


< 


C 


m{ki 


< C 


'\ki 

N 


When (a) is valid, we have that in this case the left hand side of (5.3) can be bonnded 
by 

f \k,\-^\kfN^Hik,T)llUHi{ki,Ti) 


jk = ki + k2 

T = Tl + T2 


{a 




dk^ dr^dkdr 


< C 


jk = ki+k 2 T-r2 /_\i/9 y \ J 

T = Tl + T2 




if —s — I < 0, by using the Plancherel identity and the Hblder inequality as well 
Lemma 2.11, we have that (5.5) can be bounded by 


as 


C 


7V--I (A:, r) ULi Hi{ki, n) 


I k = ki + k2 

T = Tl + T2 


< CN-^-^ 


I k = ki + k2 

T = Tl +T2 
2 




dkidridkdr 


dkidridkdr 


< 




l=l 


^-1 


(ah) 


Lit 


< CAr-^-5 5w-2^||i7||^2 \\H, 


d U2. 


1=1 


if —s — I > 0, since s > by using the Plancherel identity and the Holder inequality 
as well as Lemma 2.11, we have that (5.5) can be bounded by 

\k\-^-lN^\k\^-^H{k,T) UliHiiki,Ti) 


C 


Ik = ki + k2 

T = Tl + T2 


< c 


\k\-^-h-^N^H{k, t) nLi Hi{ku Tl) 


jk = ki + k2 

T = Tl + T2 


< CN -^-2 


H{k,T) llLiHi{ki,Ti) 


-dkidridkdr 


dkidridkdr 


I k = ki + k2 

T = Tl +T2 
2 


< 


civ-j-4 II 


1=1 


^-1 




(J*) 


dfci dri dkdr 


/■4 

^xt 


< CN-^-U^k-^^\H\\L 2 \\Hi 




1=1 
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When [b) is valid, by using (5.4) and the Plancherel identity and the Holder inequality as 
well as Lemma 2.11, we have that in this case the left hand side of (5.3) can be bounded 
by 


\ k = k\ + k2 

T = Tl +T2 


< c 


{ay/^{k) 

\ki\-^-lN^\k\^-^HYlliHi 


I k = ki + k2 

T = Tl + T2 


CT 


) 172(^2)1/2 


-dkidTidkdr 


dkidridkdr, 


(5.6) 


if —s — I < 0, by using the Plancherel identity and the Hblder inequality as well as 
Lemma 2.12, we have that (5.6) can be bounded by 

TV—I WiVi-iLr(fc, r) nil Hi{ki, n) 


c 


fk = ki + k2 

T = Tl +T2 


< CN-^-2 


< CN-^-^ 


fk = ki + k2 

T = Tl + T2 


(a)V2(a2)i/2 

H{k,T) YlliHi{ki,Ti) 
(a) 1/2(^2)172 


-dkidTidkdr 


dkidTidkdr 


(ii) 




jk = ki-\- k2 

T = Tl +T2 
2 

< CN-^-"^5^^-^"\\H\\l2 JJ \\Hi 


Y^i=iHi{kuTi) 

(^2)'/^ 


dkidri 


\H\ 


L2 


L2 




(=1 


if —s — I > 0, since s > (5.6) can be bounded by 


C 


jk = ki-\- k2 

T = Tl +T2 




< C 


\k\-s-i-jNsH{k,T)Y[liHi{kuTi) 


jk = ki + k2 
r = Tl + T2 


< CN-^-^ 


< CN -^-2 


f fc = fcl + fc2 

T = Tl + r2 




(a)i/2(ai)i/2 

H{k,T) llliHi{ki,Ti) 
(a)i/2(a2)i/2 

f nil Hi 

Ik = ki + k2 (< 72 )^/^ 

T = Tl + T2 


dkidTidkdr 


dkidTidkdr 


dkidri 


\\H\\ 


L2 


L2 


< H \\Hi\\l2. 

l=l 

When (c) is valid, this case can be proved similarly to case (5). 
3. Estimate of I 5 . In this case, we have that 


\m{ki + /C2) ~ m(fci)m(fc2)| 
m{ki)m{k 2 ) 


<cn 

i=i 


\ki\ 

N 


(5.7) 
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When (a) is valid, by using (5.7) and the Plancherel identity and the Holder inequality 
as well as Lemma 2.11, since < s < 1, we have that in this case the left hand side of 
(5.3) can be bounded by 

f r) n,=i Hi{ki, Ti) 


\k = ki+k 2 

T = Tl + T2 


< c 


< c 


\k^\-2s-2-,N^s\k\^/^H{k,r) nLi^K^oP) 


\k = k\ + k2 

T = Tl +T2 


fk = ki + k2 

T = Tl +T2 


{k) 


dkidTidkdr 

dkidridkdr 


< CN-^-^ 


fk = ki + k2 

T = Tl + T2 
2 


< CN-^-^\H\\l 2 Y[ 


1=1 


H{k,T) 




dkidridkdr 


dkidridkdr 


Lit 


< CN-^-^5^k-'^%H\\L2 JJ \\Hi\\l 2 . 

1=1 


When (5) is valid, by using (5.7) and the Plancherel identity and the Holder inequality 
as well as Lemma 2.12, since < s < 1, we have that in this case the left hand side of 
(5.3) can be bounded by 

f mki\-^^N^^Hik,r)lli=iHi{ki,ri) 


I k = ki + k2 

T = Tl +T2 


< c 


< c 


{cry^Hk){a,y/^Uli{h) 

\ki\-^s-2-jN2s\kf/2H{k, r) nil Hi{hri) 


I k = ki + k2 

T = Tl +T2 


I k = ki + k2 

T = Tl +T2 


(fc){(T)P2(a-2)P2 

\ki\-^^--2-m^^H{k,r) UliHi{ki,ri) 


dkidridkdr 

dkidridkdr 


< CN -^-2 


< CN -^-2 


(a) V2 (era) 1/2 

Hik,r) YlLiHiiki,ri) 


dkidridkdr 


T = Tl T2 


k = ki + k 2 

ULiHiiki,ri) 


dkidridkdr 


(ii) 


Ik = ki + k 2 

T = Tl +T2 


dkidri 


m 


L2 


L2 


< CN-^-h^^-‘^^\\H\\L2 n \\Hi\\l2 . 

1=1 

When (c) is valid, this case can be proved similarly to case (6). 
We have completed the proof of Lemma 5.1. 
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Lemma 5.2. Let < s < 1 and u be the solution to the Cauchy problem for (1.1) on 
[0,5]. Then 

_ JT 



0 JT 


{dx{Iu) \l{u^x) ~ dxdt 






(5.8) 


Lemma 5.2 can be proved similarly to Lemma 5.1. 


Lemma 5.3. Let —| < s < 1 and u be the solution to the Cauchy problem for (LI) on 
[0,5]. Then 



0 JT 


dx{Iu) [Jm^ — (/m)^] dxdt 




(5.9) 


Lemma 5.3 can be proved similarly to Lemma 5.1. 


Lemma 5.4. Let < s < 1 and u be the solution to the Cauchy problem for (1.1) on 
[0,5]. Then 


|||J«(5)||^, - \\Iuml,\ < C6^^-^^N-miu\\ls ^ 

Proof. By using a proof similar to (4.3) of [26], we have that 

||/«( 5 )|ll,. - ||/«( 0 )f„. = /V (1 - SPjdAIu) [m - (luf] dxdt 

Jo Jl. 

C r 

+2 


(5.10) 



0 JT 



0 -'T 


{dx{Iu) [lu"^ — (/m)^] dxdt 
{dx{Iu) [l{ul) - {dxiuf] dxdt 


(5.11) 


Proof. To prove (5.11), it suffices to prove that 


ll|J«(5)||l,i-||M0)||^i|< 



0 Jt 


(1 — dl)dx{Iu) [lu^ — [luY] dxdt 


+2 


' {dx{Iu) [Jm^ — (/m)^] dxdt 

T 

{dx{Iu) [l{ul) — {dxIuY] dxdt 


< 


. (5.12) 

i4 


(5.12) can be obtained from Lemmas 5.1-5.3. 
We have completed the proof of Lemma 5.4. 


6. Proof of Theorem 1.2 













We give Theorem 5.1 which is a variant of Theorem 1.1 before giving the proof of 


Theorem 1.2. 

We consider the Cauchy problem for 




Iu{x, 0) = Iuq{x). 


1 


= 0 , 


( 6 , 1 ) 

( 6 , 2 ) 


Theorem 6.1. Let s > and Uq he 2 t[- periodic function and zero x-mean and 

Iuq G if^(T). Then the Cauchy problems (6.1)(6.2) are locally well-posed. 

Proof. Let lu = v, we dehne 


G{v) =T]{t)S{t)v{0) 
+vit) [ 


dJiv - uy + d.{l-dt)-G 


iv ( t ) uf + ^iv uy 


dt 


and 


B=\ueY‘: ||/t.||y. < 


(6,3) 


and 


E = ^dJ{T] uf + Oyi - dl) 
t 




2’"'' 

Thus, we have that 


d.iv ( T ) Ivy - ayi - di)-^ ivi-] Ivy + ^ 


t\. .2 


G{v) = p{t)S{t)Iuo 


+v{t) 


>0 L 


E + dyi-dl) ^ (^ (^) + 


dt . 


By using Lemmas 3.7-3.9, 5.1-5.3, we have that 


l|G(n)||^. 

< \\p{t)S{t)IUo\\YS + 


p{t) 


'0 L 


t\ . .2 ft 


dyi-di)-^ {v{-^]ivy + -{vU]ivy^ 


dt 


y/ 


p{t) / Edt 


Yf 


< G\\Iuo\\h^ + ||n||^. < 2G\\Iuo\\hy 
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Thus, G maps B into B. By using Lemmas 3.7-3.9, 5.1-5.3, we have that 

||G(m) - G(u)||y5 - ^ 11“ “ “lln" • 

G is a contraction mapping. 

We have completed the proof of Theorem 5.1. 

Now we are in a position to prove Theorem 1.2. For uq G from Theorem 5.1, 

we have that u exists on [0, 5] and 

2.7 + 1 

(6.4) 

From Theorem 5.1, we have that 


\\Iu\\ys < 2C\\Iuo\\hi. 

Combining (6.5) with Lemma 5.4, we have that 

If 

r-3e 


CN-^6^^-^^\\Iuorm <3\\IuorHY 


then, we have that 


(6.5) 


( 6 . 6 ) 


(6.7) 


||/ti((5)||Hi < (6.8) 

thus, we can consider u{6) as the initial data, repeat the above process and extend the 
local solution on [0, 5] to the local solution on [h, 26]. To extend the local solution to the 
global on time interval [0,T], we need to extend [T5“^] times, from (6.7), it suffices to 
prove that 

CN-^^-^^\\IuofHiTS-^ < 3||/no||^i, (6.9) 

It is easily checked that 

II'wIIh'* < ll-fwollni < CN^~'^\\u\\h‘- (6.10) 

Combining (6.4), (6.10) with (6.9), we have that 

< 1 . ( 6 . 11 ) 
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( 6 . 12 ) 


From the above iteration process, we have that 


sup < 2 ||/mo||hi 


te[o,r] 


1 — s 


< < c (cr||t<„||§)') 




(6.13) 


We have completed the proof of Theorem 1.2. 
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